MULTIPLETS OF REPRESENTATIONS AND KOSTANT'S 
DIRAC OPERATOR FOR EQUAL RANK LOOP GROUPS 

GREGORY D. LANDWEBER 

Abstract. Let g be a semi-simple Lie algebra and let fj be a reductive subal- 
gcbra of maximal rank in g. Given any irreducible representation of g, consider 
its tensor product with the spin representation associated to the orthogonal 
complement of fj in g. Gross, Kostant, Ramond, and Sternberg recently proved 
a generalization of the Weyl character formula which decomposes the signed 
character of this product representation in terms of the characters of a set of 
irreducible representations of fj, called a multiplet. Kostant then constructed 
a formal f)-equivariant Dirac operator on such product representations whose 
kernel is precisely the multiplet of ^-representations corresponding to the given 
representation of g. 

We reproduce these results in the Kac-Moody setting for the extended loop 
algebras Lg and Lt). We prove a homogeneous generalization of the Weyl-Kac 
character formula, which now yields a multiplet of irreducible positive energy 
representations of Lf) associated to any irreducible positive energy represen- 
tation of Lg. We construct a L ()-equivariant operator, analogous to Kostant's 
Dirac operator, on the tensor product of a representation of Lg with the spin 
representation associated to the complement of Lf) in Lg. We then prove that 
the kernel of this operator gives the L rj-multiplet corresponding to the original 
representation of Lg. 
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0. Introduction 

Although this paper is chiefly concerned with representations of Lie groups and 
loop groups, the motivation for these results originally comes from M- Theory. In 
physics, the Lie group Spin(9) arises as the little group for massive particles in 
10 dimensional superstring theories and as the little group for massless particles 
in 11 dimensional supergravity. Recently, Pengpan and Ramond noticed that the 
irreducible representations of Spin(9) come in triples, with the Casimir operator 
taking the same value on all three representations, and where the dimensions of 
two such representations sum to the dimension of the third. Ramond brought this 
curious fact to the attention of Sternberg, who in collaboration with Gross and 
Kostant then showed that these triples of representations of B4 = Spin(9) actually 
correspond to representations of the exceptional Lie group F4, which contains B4 
as an equal rank subgroup. 

In fact, this is not an isolated phenomenon. In [||, Gross, Kostant, Ramond, 
and Sternberg consider the general case where f) is a reductive Lie algebra which 
is a maximal rank subalgebra of some semi-simple Lie algebra g. Letting G and 
H denote the compact, simply-connected Lie groups with Lie algebras g and f) 
respectively, associated to any irreducible representation of G is a set of \(G/H) 
irreducible representations of H, where x(G/-ff) is the Euler number of the ho- 
mogeneous space G/H. We shall refer to such a set of £f-representations as a 
multiplet. As in the case of B4 c F4, all of the representations in a multiplet share 
the same value of the Casimir operator, and the alternating sum of the dimensions 
of these representations vanishes. The relation between a representation of G and 
the H-representations in the corresponding multiplet is given by the following ho- 
mogeneous generalization of the Weyl character formula, viewed as an identity in 
the representation ring R(H): 

(1) V X ® S+ - V X ® S" = Eeec^ 1 )' U c(x +PG )- PH , 

where V\ and denote the irreducible representations of G and H with highest 
weight A and fi respectively, § = § + (B §~ is the spin representation associated to 
the complement of f) in g, the subset C C Wg of the Weyl group of G has one 
representative from each coset of Wh, and (— l) c is the sign of the element c. 

In representation theory, the Casimir operator of a Lie algebra is analogous to the 
Laplacian. Using the spin representation, we can also consider operators analogous 
to the Dirac operator. Furthermore, we can choose a particular Dirac operator such 
that its square is the Casimir operator shifted by a constant, giving a representation 
theory version of the Weitzenbock formula. Such a Dirac operator was introduced 
in a more formal setting by Alekseev and Meinrenken in pi, and the geometric 
version of this Dirac operator is examined in |0] . Since the Casimir operator takes 
the same value on all of the representations in a multiplet, it follows that this Dirac 
operator likewise takes a constant value, up to sign, on each multiplet. 

In the homogeneous case, for any linear operator 

: V x ®§ + -> V x ®S~ 

since both the domain and range are finite dimensional, the index of must be 
given by |l]). This prompted Kostant to seach for a Dirac operator whose kernel 
and cokernel are precisely those representations on the right hand side of (Q). In 0, 
Kostant constructs a Dirac operator g /^ on V\ ® § with a cubic term associated 
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to the fundamental 3-form on g. The kernel of Kostant's Dirac operator is 

{\+Pg)-Ph i 

and the signs (— l) c on the right side of ([[]) can be recovered by decomposing the 
operator ^ fl /f, according to the positive and negative half-spin representations. Tak- 
ing the kernel of Kostant's Dirac operator therefore gives an explicit construction 
of the multiplet of iJ-representations corresponding to a given representation of G. 

This paper takes the results discussed above and reformulates them in the Kac- 
Moody setting, replacing the equal rank Lie groups H C G with their corresponding 
loop groups LH C LG. After briefly reviewing the representation theory of loop 
groups in we introduce the positive energy spin representation Slq associated 
to a loop group in using it to reformulate the Weyl-Kac character formula. In 
we prove the following homogeneous version of the Weyl-Kac character formula: 

w * ® s t a /^ n x ®s- Ls/L[) = £ ceC (-i) c Z4 ( A-p 9 ) + p e) 

where TL\ and denote the positive energy representations of the central exten- 
sions LG and LH with lowest weights A and fi respectively, the subset C C Wq 
now lives in the affine Weyl group of G, and — p g and —p^ are the lowest weights 
of the spin representations <Sl b and SlI)- 

In §§y-pl we return to the case of compact Lie groups, reviewing various results 
of Q and Q. There we construct Kostant's Dirac operator, compute its square, and 
prove that its kernel has the form given by (||). Our approach here differs slightly 
from Kostant's, which views the Lie algebra g as an orthogonal extension of \). 
Instead, we first consider the Dirac operator on g and a twisted Dirac operator on 
f) and then construct Kostant's Dirac operator as their difference, an idea borrowed 
from In addition, we avoid working with a basis for g wherever possible, which 

greatly simplifies the computations and hopefully elucidates their meanings. These 
sections can stand alone as an alternative exposition on Kostant's Dirac operator, 
and they provide a outline of the more advanced material in the subsequent sections. 

The remaining sections reprise these results for the loop group case. In §0 we 
examine the Clifford algebra associated to a loop group, which builds on the treat- 
ment of infinite dimensional Clifford algebras given in ||. We then introduce the 
Dirac and Casimir operators associated to a loop group in §|§|, and we construct 
the loop group analogue ^lb/L(i °f Kostant's Dirac operator in §| . These Dirac 
and Casimir operators appear in the physics literature in Q and |?j as the odd 
and even zero-mode generators for the N — 1 superconformal algebras associated 
to current (Lie group) and coset space (homogeneous space) models. In contrast, 
our treatment builds these operators on a mathematical foundation, viewing them 
as canonical objects rather than working in terms of a basis. Finally, we compute 
the square of the Dirac operator $L g /H), and in £ 10 we prove that its kernel is 

Ker $ Li/Lt) = ceC ^c(A- Pe )+p„, 

just as for compact Lie groups. So once again, taking the kernel of this Dirac 
operator provides an explicit construction for the multiplet of representations of 
LH corresponding to any given representation of LG. 

Note. Anthony Wassermann, who has independently obtained results similar 
to those in this paper, pointed out to me that with only minor modifications, the 
arguments presented here provide a quick proof of the Weyl-Kac character formula. 
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1. Loop groups and their representations 

1.1. Loop Groups. Let G be a compact connected Lie group, and let LG denote 
the group of free loops on G, i.e., the space of smooth maps from S* 1 to G, where 
the product of two loops is taken pointwise. The Lie algebra of the loop group LG 
is simply the vector space Lg of loops on the Lie algebra g of G, with brackets again 
taken pointwise. The group Diff (S 1 ) of diffcomorphisms of the circle acts on loop 
spaces by reparametcrizing the loops, and in particular the subgroup S 1 of rigid 
rotations of the circle acts on LG and Lg. This circle action induces a Z-grading 
on the complexified Lie algebra Lgc, which is the closure of the direct sum of the 
Fourier components © fegZ gcz k , where gcz k denotes loops of the form z Xz k for 
X G 0c- We are interested in those representations of LG which likewise admit a Z- 
grading intertwining with the S^-action on LG, or in other words representations 
of the semi-direct product S 1 k LG. Such a representation £ then decomposes 
into eigenspaces © feeZ £{k) according to the S^-weight k, called the energy. (This 
terminology comes from an analogy with quantum mechanics, where the energies 
are eigenvalues of the Hamiltonian operator, which generates time translation.) 

1.2. The central extension. The representations that we will consider are actu- 
ally projective representations of LG. To realize them as true representations, we 
must introduce a central extension LG of LG by S 1 . This is analogous to taking the 
universal cover of a compact Lie group, except that here we lift to a circle bundle 
rather than a finite cover. 

The corresponding central extension of the Lie algebra, which is called a Kac- 
Moody algebra, is Lg = Lg (B RI, where / is the infinitesimal generator of the 
central S 1 subgroup. The Lie bracket on the central extension Lg is determined by 
a choice of ad-invariant inner product on Lg. Any ad- invariant inner product on 
the Lie algebra g induces an inner product on the Lg by averaging the pointwise 
inner products. For loops £, -q G Lg, this gives 

(3) {i, v ) = ±-jJ{mM0))d9, 

which is ad- invariant on Lg. To extend this inner product to Lg, we must actually go 
one step further and extend it to the semi-direct sum R © Lg, where R is generated 
by the infinitesimal rotation de, and we define the inner product by 

(a d g + £ + xl, bd e + n + yl) = (£, n) - ay - bx 

for a,b,x,y G R and £, r\ G Lg. This inner product is ad-invariant on the extended 
Lie algebra R © Lg provided that the Lie bracket on the central extension Lg is 

(4) [^vh g = ^ML 3 + ^dev)I. 

Although this central extension depends on the original choice of inner product on 
g, there is a unique ad-invariant inner product on g (up to scaling) if g is simple. 
In this case, the universal central extension corresponds to the smallest possible 
scaling for which the Lie algebra Lg exponentiates to give a central extension LG 
of the loop group LG. This smallest inner product on g is the basic inner product, 
which is scaled so that the highest root a max of g satisfies ||a m ax|| 2 = 2. 

If G is not simple but only semi-simple, then a given projective representation of 
LG can still be lifted to a true representation of some S* 1 extension of LG. However, 
the universal central extension of LG is no longer a circle bundle, but rather an 
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extension by the torus T d , where d counts the number of simple components of G. 
At the Lie algebra level, an ad-invariant inner product on g can be scaled separately 
on each of the simple components, and the central term in the Lie bracket (0) now 
becomes d separate terms corresponding to the basic inner products for each of 
these components. 

Remark. Let G be simply connected. Topologically, the invariant inner products 
on g correspond to elements of the Lie algebra cohomology H 3 (g) = H 3 (G;M.) 
by associating to any inner product its fundamental 3-form u G A 3 (g*) given by 
uj(X,Y,Z) — (X,[Y,Z]) for X, Y, Z € g. The possible central extensions of the 
Lie algebra Lg by a circle thus correspond to elements of the real cohomology 
H 3 (G; R), and the universal central extension of Lg is then an extension by the dual 
space K = H 3 (G; R) . On the other hand, the central extensions of the loop group 
LG correspond to circle bundles, which are classified by their Chern classes c\ 6 
H 2 {LG:Z) S H 3 {G;Z) in the integral lattice of H 3 {G;Z). Writing L = H 3 (G;Z) 
for the dual lattice in K, the universal central extension LG is an extension of LG 
by the torus K/L. Using the cohomology spectral sequence for this extension and 
noting that 7? 1 (LG; Z) = H 2 (G; Z) = 0, we obtain the exact sequence 

-> H X {LG;Z) -> H l (K/L;Z) ^ H 2 {LG;Z) -> H 2 (LG;Z) -> 0. 

Now, by our construction of the torus K/L, we have a canonical isomorphism 
LP-iKf L;Z) = H 3 {G;Z), and we also have a canonical isomorphism H 2 (LG;Z) = 
H 3 (G;Z). The map d 2 is therefore a homomorphism d 2 : H 3 {G;Z) -> H 3 (G;Z), 
and the universality condition becomes the assertion that d 2 be the identity map. In 
particular, if LG is the universal central extension, then d 2 must be an isomorphism, 
and it follows that H 1 (LG;Z) = H 2 (LG;Z) — 0, which in terms of homotopy 
implies that LG is 2-connected. So, whereas taking the universal cover of a compact 
Lie group G kills the obstruction m(G), the loop group LG is already simply 
connected, but taking its universal central extension kills the obstruction -k 2 {LG). 

The semi-direct sum R ® Lg which we introduced above is the Lie algebra of 
the semi-direct product S 1 X LG, and from here on we refer to representations of 
S 1 k LG as representations of LG. Given such a representation, we call the weight 
of the central S 1 in LG the level or central charge, and since this circle by definition 
commutes with the rest of the loop group, it follows that the level is constant on 
each irreducible representation. Unless stated otherwise, from here on we assume 
that G is simply connected and simple, we use the basic inner product on g, and we 
let LG denote the universal central extension. However, the following discussion 
can be generalized to the semi-simple case by treating the d simple components 
separately and viewing the level as a <i-vector. 

1.3. Affine roots and the affine Weyl group. Let T be a maximal torus of 
G. When considering the representation theory of loop groups, rather than taking 
the abelian subgroup LT as the maximal torus of LG, we instead use the maximal 
torus S 1 x T x S 1 of S 1 k LG. Here the first S 1 factor corresponds to rotation of 
loops, while the second comes from the central extension. The Cartan subalgebra 
is then R © t © R, and the weights of LG are of the form A = (m, A, h), where m 
is the energy, A is a weight of G, and h is the level. In this notation, the roots of 
LG, also called the affine roots of G, consist of the weights (to, a, 0) with m G Z 
and a a root of G, as well as the weights (m, 0,0) for nonzero m, counted with 
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multiplicity rankG = dimt. Given a system of positive roots for G, we take the 
positive roots of LG to be the roots (0, a, 0) for a > 0, as well as all roots (to, a, 0) 
with to > 0, including roots of the form (to, 0,0). If {ai} is a set of simple roots 
for G, then the corresponding simple afhne roots for LG are (0, a,-,Q), as well as 
the root (1, — a max , 0), where a max is the highest root of G. 

The affine Weyl group Wg of G is the group generated by the reflections through 
the hyperplanes corresponding to the affine roots of G. In terms of loop groups, 
given any root a = (k, a, 0) of LG, there is a corresponding su(2) subalgebra of Lg 
generated by the loops E a z k and E_ a z~ k and the coroot 

H k , a = [E a z k ,E_ a z- k ] iB =H a + ±ik\\H a \\ 2 I, 

where {E a , E_ a , H a } span the su(2) subalgebra of g associated to the root a. Note 
that these elements are normalized so that (E a ,E^ a ) = ^H-ffall 2 = 2(a,a)~ 1 . The 
reflection of a weight A = (m, A, h) through the hyperplane orthogonal to a is then 

Sfc,a(A) = A \(Hk, a )a 

''" = (m - \(H a )k + \h\\H a \\ 2 k 2 ,\- X(H a )a + \h\\H a \\ 2 ka, h). 

Furthermore, these Sk, a are generated by the reflections so, a, which act solely on the 
t* component and generate the usual Weyl group Wg, as well as the transformations 

t a (X) = s ha s 0ja {\) = (m + \(H a ) + \h\\H a \\ 2 ,\ + hH a ,h), 

where we use the inner product to identify the coroot H a € t with the weight 
i||-ff Q || 2 a in t*. Restricting to t*, the t a are simply translations by the coroots, 
which generate the coweight lattice Let. We therefore have Wg — Wg x L. 

Note that under the action of the affine Weyl group, the level h is fixed, while 
the energy to is shifted so as to preserve the inner product 

(6) (mi, Ai, hi) ■ (to 2 , \2,h 2 ) = (Ai, A 2 ) - m,\hi - m 2 hi 

on R © t* © R. Thus, at any given level h, the affine Weyl action is completely 
determined by its restriction to t*. In particular, the element Sk, a corresponds 
to the reflection through the hyperplane given by the equation (A, a) = hk. These 
hyperplanes divide t* into connected components called alcoves, and the affine Weyl 
group acts simply transitively on these alcoves. Given a positive root system for 
LG, the corresponding fundamental alcove is the unique alcove satisfying A • a < 
for all a. > 0. This alcove is bounded by the hyperplanes corresponding to the 
negatives of the simple affine roots, or in other words, a weight A = (to, A, h) lies 
in the fundamental alcove if and only if —A is in the positive Weyl chamber for G 
and (A, -a max ) < h. 

1.4. Positive energy representations. A representation H. of LG is a positive 
energy representation if H(k) = for all k < to for some fixed integer m, or in other 
words, there is a minimum energy when Ti. is decomposed into its constant energy 
eigenspaces. In the literature, positive energy representations are often normalized 
so that this minimum energy is 0. However, we will consider positive energy rep- 
resentations with the full spectrum of minimum energies. When restricted to the 
positive energy representations, the representation theory of loop groups behaves 
quite analogously to the representation theory of compact Lie groups. In particu- 
lar, the positive energy representations satisfy the following fundamental properties 
(for a complete discussion, see |IT|): 
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(i) A positive energy representation is completely reducible into a direct sum of 
(possibly infinitely many) irreducible positive energy representations. 

(ii) An irreducible positive energy representation TL is of finite type: each of the 
constant energy subspaces TL(k) is a finite dimensional representation of G. 

(iii) Every irreducible positive energy representation TL has a unique lowest weight 
A = (m, A, h), in the sense that A — a is not a weight of TL for any positive 
root ol of LG. The lowest weight space is one dimensional and generates TL. 

(iv) A weight A = (m, A, h) is anti-dominant for LG if it lies in the fundamental 
Weyl alcove described at the end of §f .3 above. The lowest weight of a positive 
energy representation is anti-dominant, and every anti-dominant weight is 
realized as the lowest weight of some positive energy representation. 

As a consequence of (iii), an irreducible positive energy representation TL is com- 
pletely characterized by its minimum energy m, its minimum energy subspace 
TL(m) = V-\, and its level h. Property (iv) implies that for a positive energy 
representation, the level h is always non-negative and is zero only for the trivial 
representation. Also, for a fixed minimum energy m, there arc only finitely many 
positive energy representations at each level h, but as the level tends to infinity, 
the representation theory of LG resembles that of G. 

If TL\ is the irreducible positive energy representation with lowest weight A = 
(0, A, h), then TL\ also contains all the weights in the orbit of A under the afime 
Weyl group Wg- Recalling that the affine Weyl group action preserves the inner 
product (jfy, it turns out that the orbit of A consists of all weights fi = (m, /i, h) at 
level h satisfying A • A = ■ fi, or equivalently ||^|| 2 — 2mh = ||A|| 2 . This equation 
sweeps out a paraboloid, and the weights of TL\ all lie in its interior. (As the level h 
tends to infinity, this paraboloid flattens into a cone.) For an example, see Figure |] 
at the end of §||, which gives the weights of the irreducible representation of LSU(2) 
with lowest weight (0, —1, 2). 



2. The spin representation 

If V is a finite dimensional vector space with an inner product, and V = W@ W* 
is a polarization of V into a maximal isotropic subspace W and its dual, then the 
spin representation of the Clifford algebra C1(V) can be written in the form 

(7) S v = A*(W) ® (detW)-i, 

where det W denotes the top exterior power of W . The resulting spin representation 
Sy is independent of the choice of polarization, which is accounted for by the 
factor of (detVF) -1 / 2 . On the other hand, if V is infinite dimensional, then this 
determinant factor does not make sense, and so we can no longer use (0) to define 
the spin representation. Without this determinant factor to correct for the choice 
of polarization, different polarizations give rise to distinct spin representations. 
For a general discussion of infinite dimensional Clifford algebras and their spin 
representations, see ||. 

For our purposes, consider the Lie algebra Lg with the inner product (|^) in- 
duced by the basic inner product on g. If we complexify Lg, then the orthogonal 
complement of the Cartan subalgebra tc in Lgc decomposes into the sum of the 
positive and negative root spaces, each of which is isotropic with respect to the 
inner product on Lgc- We can therefore use this polarization to define a positive 
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energy spin representation associated to the complement of t in Lq: 

(8) S Lu/t := S 8/l ® A* (0 fc>o flc^) = S B/t ® (g) fc>Q A* ( Qc z k ) , 

where we have explicitly factored out the contribution § B / t coming from the con- 
stant loops (or zero modes). Here, we have used the expression (j^) for the spin 
representation, except that we have dropped the portion of the (det W)~ x / 2 factor 
coming from the positive energy modes. If we were to include that factor, it would 
contribute an overall anomalous energy shift of 

_ i 

(9) (U . -2 fcdim£l ) 2 =Z _ 5^t>» tdim »=zH dim « ] 

where in the last equality we use the Riemann zeta function trick to write the 
infinite sum as X)fc>o ^ = C( — ■"•) = — TJ- Fortunately, by normalizing the spin 
representation to have minimum energy 0, we can safely ignore this factor. 

For the moment, we are interested only in the character of the spin representa- 
tion. The restriction of the character of <Sl /i to S 1 x T is completely determined by 
the description (^) of the spin representation. However, in correcting for the infinite 
determinant factor, the spin representation acquires a nonzero central charge. 

Theorem 1. IfG is simple, then the central charge of the spin representation S^g/t 
is the value of the quadratic Casimir operator of Q in the adjoint representation: 

c G = A» d = -- ^(adX,) 2 = ( PG ,a max ) + 1, 

where p G is half the sum of the positive roots, a max is the highest root of G, and 
{Xi} is an orthonormal basis for q. 

Proof. To compute the central charge of the spin representation S^gu, we extend 
it to obtain the spin representation associated to the entire Lie algebra Lq. Since 
the construction of spin representations is multiplicative, we have 

S Lb = S t (g) S Lg/t . 

These two spin representations have the same central charge since they differ only 
by the finite dimensional factor § t . However, the extended spin representation Sl s 
admits an action of the full Lie algebra Lq, and in fact, Sl 3 is the direct sum of 
dim St copies of an irreducible positive energy representation of Lq. Examining the 
structure of this representation, the first three energy levels of Slq are as follows: 

Sl s (0)=S s , 

<5i fl (l) = § fl ® 0C, 

S Lg (2) = S fl ® 0c © S s <E>A 2 (qc). 

Letting a denote the highest root of q, and c the central charge of Sl s , the highest 
weights of Sl s {0) and Sl b (1) are then (0, p, c) and (1, p+a, c) respectively, while the 
weight (2, p + 2a, c) is not present in Sl s (2). The weights (0, p, c) and (1, p + a,c) 
thus form a complete string of weights for the root a = (1, a, 0), and so they must 
be related to each other by the affine Weyl element Si, a , the reflection through the 
hyperplane orthogonal to a. By (||), the difference of these weights is (I, p + a, c) — 
(0, p, c) = a = —(0, p, c)(Hi a )a, so we obtain 

-1 = (0, p, c) (H ha ) - p(H a ) - \\\H a \\ 2 c = (p, a) - c, 



KOSTANT'S DIRAC OPERATOR FOR LOOP GROUPS 



9 



where 5||i/ Q || 2 = 1 and p(H a ) = (p,a) in the basic inner product since a is the 
highest root. The central charge of the spin representation is thus c = (p, a) + 1. 

The quadratic Casimir operator of a Lie algebra does not depend on the choice of 
orthonormal basis, and it commutes with the action of the Lie algebra. It therefore 
acts by a constant times the identity on each irreducible representation. On the 
irreducible representation of highest weight a, the value of the Casimir operator 
is |||ct|| 2 + (ot,p). In particular, if G is simple, then the adjoint representation is 
irreducible, and taking a to be the highest root of G, which satisfies ||a|j 2 = 2 in 
the basic inner product, we again obtain the value {p, a) + 1 as desired. □ 

We can now compute the character of ^Lg/t directly from the decomposition (||) 
and Theorem |l|. Written in terms of the affine roots a = (k, a, 0), the character is 

a>0 fc>0,ct a>Q 

where u is a parameter on the central S 1 extension in LG, and p G = (0, p G , —c G ). 
Here, — p G is the lowest weight of ^Lg/t, which corresponds to the square root of 
the determinant in (^) . This weight is the loop group version of pa , half the sum of 
the positive roots of G, which is also characterized by the identity p G (H a ) — 1 for 
each of the simple roots a of G. In the loop group case, the identity p G (H a ) = 1 
must hold as a ranges over the simple affine roots, including the additional root 
(1, — a m ax, 0). However, in our proof of Theorem |l|, the condition Pc(Hi,-a niax ) = 1 
is the same equation (up to sign) that we used to compute the central charge cq- 

The spin representation decomposes as S Lg / t — S^g/i ® ^L B /i mto ^ c sum of 
two half-spin representations. In particular, since the complement of t in q is even 
dimensional, the zero mode factor § fl / t of 5z,g/t splits into half-spin representations, 
and the exterior algebra in (||) splits into its even and odd degree components. The 
difference of the characters of these half-spin representations is 

X(S+ B/1 ) - x(S- L3/i ) = e-^U a Jl - e**), 

which can be viewed either as a supertrace on ^Lj/t or as the character of the 
virtual representation <5>2g/t ~ ^Lg/r Using the notation of spin representations, 
the Weyl-Kac character formula becomes 

Theorem 2 (Weyl-Kac Character Formula). If G is simply connected and simple, 
then the character of the irreducible positive energy representation H.\ of LG with 
lowest weight A is given by the quotient 

(ii) x{Hx) = — T^r^ , r , 

n s L B /t) -x{s Lg/t ) 

where W G is the affine Weyl group of G and p G = {0,Pg, ~ c g)- 

Note that as an immediate consequence of the Weyl-Kac character formula, if 
we consider the trivial representation with A = 0, we obtain the identity 

xftW - x(s- L3/l ) - E^wJ- 1 )^"^ 3 ' 

which gives an alternative expression for the signed character ( |ic| ) of the spin rep- 
resentation appearing in the denominator of (PJ). 
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Remark. If G is semi-simple, then we recall that the universal central extension 
of LG is an extension not by a circle but rather by the torus T d , where d counts 
the number of simple components. In this case the central charge of the spin 
representation is the d- vector cq — (cgi >••• , cc d ), where G±, . . . , Gd are the simple 
components of G. If we work with the universal central extension of LG and define 
p G = (0,pa,— cg), then the Weyl-Kac character formula still holds as written. 
In fact, using the appropriate universal central extension, the Weyl-Kac character 
formula continues to hold for an arbitrary compact Lie group G. 

3. The homogeneous Weyl-Kac formula 

Let g be a compact, semi-simple Lie algebra, and let f) be a reductive subalgebra 
of maximal rank in g. In Gross, Kostant, Ramond, and Sternberg prove a 
homogeneous generalization of the Weyl character formula, associating to each g- 
representation a set of ^-representations with similar properties, called a multiplet. 

Theorem 3 (Homogeneous Weyl Formula). Let V\ and denote the irreducible 
representations of g and f) with highest weights A and /i respectively. The following 
identity holds in the representation ring R(l}): 

(12) V X ® S+ A - V X ® S- /ft = E ceC (~ 1 ) C U c { x +Pa) - P , , 

where the sum is taken over the subset C of elements c £ W B of the Weyl group of 
g for which c(A + p g ) — ptj are dominant weights of fj. 

Note that if f) = t is a Cartan subalgebra of g, then C is the full Weyl group 
W g , and (p^| ) becomes the Weyl character formula. Also note that by stating this 
result in terms of the Lie algebras f) C g rather than their corresponding Lie groups 
H C G, we bypass the issue of whether the spin representation S B /fj exponentiates 
to give a true representation of H . Geometrically, this is equivalent to the condition 
that G/H be a spin manifold. 

Theorem |3| has an immediate analogue for loop groups. The only complication is 
that simply working at the level of Lie algebras is no longer sufficient to avoid the 
geometric obstruction, which in this case is the condition that G/H admit a string 
structure (see |l^]). Rather, we must work with the universal central extensions. 
Given q and f) as described above, let Lq be the universal central extension of Lg, 
and let Lf) be the restriction of Lg to if). Note that Lfj is not in general the 
universal central extension of Lt), which we denote by Lf). Rather, Lt) is a quotient 
of tk). Since fj has the same rank as g, if t is a Cartan subalgebra of f), then it is 
likewise a Cartan subalgebra of g. The Cartan subalgebras of M©Lf) and ]R©Lg 
are then K©t©R d[1 and M©t©R dtl respectively, where d g is the number of simple 
components of g and d^ > d B . In other words, we have the commutative diagram 

R©t©R d " qu ° ticnt ) JRffitffiR d « = Retell 

1 i I 

n ~ f , quotient _ ~ ~ inclusion ~ ~ J 

where the vertical arrows are inclusions of Cartan subalgebras. 

The weights of Lt) and Lg live in the dual spaces to their Cartan subalgebras, 
and dual to the quotient map we have an inclusion 

R © t* © R d » — > R © t* © R d » . 
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We may therefore view the weight lattice of Lg as a subset of the weight lattice of 
Lt). On the other hand, if we ignore the central extension (i.e., restrict to weights 
of level 0), then the weight lattices are identical, and the roots of Lt) are a subset of 
the roots of Lg. Consequently, the affine Weyl group Wf, of t), which is generated by 
the reflections through the hyperplanes orthogonal to the roots of Lt), is a subgroup 
of the affine Weyl group W B of g. 

Theorem 4 (Homogeneous Weyl-Kac Formula) . Let TC\ and denote the irre- 
ducible positive energy representations of Lq and L\) with lowest weights X and p 
respectively. We then have the following identity for virtual representations of L\): 

(13) TL\ ® Si s/Li) — Tix ® S~ B/Lt) = ]T £c (-l) c Z4 ( A-p B ) +Ph , 

where the sum is taken over the subset C of elements c £ W g of the affine Weyl 
group of g for which c(A — p 3 ) + p^ are anti-dominant weights of LI). 

Proof. We first note that the construction of the spin representation is multiplica- 
tive, provided that the underlying vector spaces are even dimensional. In our case, 
the positive and negative energy subspaces pair off, while for the zero modes, the 
maximal rank condition implies that the complement of t) in g and the complement 
of t in f) are even dimensional, so we have 

( 14 ) S L g /t ~ S Lg/i = ( S L g /Li, ~ S L g /Li) ® ( 5 Lh/t _ 5 LI,/t)- 

Applying the Weyl-Kac character formula (Thy) to the left side of (p~3j) , and factoring 



the Weyl-Kac denominator using (|14|), we obtain 
(15) x{Hx®S+ ) -x(W A <8>5 



w AV '^ Lfl/W x{si m )- x {s- Lm ) ' 



'Lf)/t/ -M^Lfj/t 

Recall that the affine Weyl group acts simply transitively on the Weyl alcoves. Due 
to the p s shift, the weight A — p g lies in the interior of the fundamental Weyl alcove 
for g, and thus for any w S W a , the weight u>(A — p B ) likewise lies in the interior of 
some Weyl alcove. Furthermore, the Weyl alcoves for g are completely contained 
inside the Weyl alcoves for f), and so there exists a unique element w' £ Wf, such 
that w'w(X — p g ) lies in the interior of the fundamental Weyl alcove for (). Shifting 
back by p lv we see that the weight w'w(X—p g )+p l) is anti-dominant for L\). Putting 
c = w'w, we can write w — (w')~ 1 c, and more generally we have W B = Wf, C. Using 
this decomposition to rewrite the numerator on the right side of (lq), we have 

V (—)\w p iw(X-p ) (—)\ w P iwc(\-p ) 

2^wew e \ 1 ) e _ y^^_2) c ^ weW ^ _ 

= E(- 1 ) c x(^(A-p B )+p„)' 

cec 

where the second line follows by applying the Weyl-Kac character formula ([ll]) for 
Lt). This proves the character form of the identity (|l3|). □ 

The subset C c W fl appearing in Theorem || does not depend on the weight 
A. Rather, it consists of all elements of the affine Weyl group of g that map the 
fundamental Weyl alcove for g into the fundamental Weyl alcove for f). Since the 
affine Weyl group acts simply transitively on the Weyl alcoves, it follows that the 
cardinality of C is the ratio of the volumes of the fundamental alcoves for g and t). 
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Equivalently, the elements of C are representatives of the cosets of Wf, in W B , so 
the cardinality of C is the index of W(, in W B . In particular, the sum appearing in 
( ft3| ) is finite if and only if t) is semi-simple. In such cases, \C\ is the index of Wt, 
in W g , which is also the Euler number of the corresponding homogeneous space 
G/H . Examples of pairs f) c g with both f) and g semi-simple include D n C B n 
with |C| = 2, as well as the case B4 C F 4 with |C| = 3 that prompted B. On the 
other hand, for pairs f) C g corresponding to complex homogeneous spaces G/H, 
the group H must contain a U(l) component, and so ( |l3| ) is an infinite sum. Wc 
note that in the physics literature (see pL M), the N = 1 superconformal coset 
models on G/H possess an additional N — 2 symmetry precisely when C is infinite. 

At the other extreme, if t) = t is a Cartan subalgebra of g, then p^ vanishes, C 
is the full affine Weyl group W g , and the homogeneous Weyl-Kac formula becomes 

(16) ^A®5+ /Lt -Hx®5 L - /it = ^ ew (-irZ4 (A _ Ps) . 



This identity is equivalent to the Weyl-Kac character formula ([llj), but it is ex- 
pressed slightly differently. Since t is abelian, the irreducible positive energy repre- 
sentation 14^ of Li takes the particularly simple form 

^ = Sym* (0 fe>o tc^) = (g) fc>Q Sym* (t c z fe ) , 
where Sym* is the symmetric algebra, and the character of this representation is 

(17) xW = ]7 n (! + z k + ■ ■ ■ ) diml = e*" U,^ 1 ~ ^ 
On the other hand, the signed character of the spin representation on Lt/t is 

(is) x(st t/t ) - = n, >0 ( i - - fe ) dimt ' 

since the product in ( [To|) is taken over the positive roots (fc, 0, 0), each counted with 
multiplicity dim t. In particular, the products in the characters (|l7| ) and (|l^) cancel 
each other, yielding the Weyl-Kac character formula for LT: 

X (U„ ® 5+ /t ) - xK ® S- t /t ) - e^. 

So, multiplying the formula ( |l6| ) by the character (p^|), we recover the usual form 
of the Weyl-Kac character formula ( |ll| ) for LG. 

Example. Take g = 5u(2) and let f) = u(l) be the Cartan subalgebra of diagonal 
elements. In this particular case, we can use the homogeneous Weyl-Kac formula to 
explicitly compute the character of the entire spin representation S^g/^, not just 
the difference of the two half-spin representations. Here we have p g — (0, p s , — c g ) = 
(0, 1, —2), and so the lowest weight of the spin representation is p g = (0, — 1, 2). 
The half-spin representation S + (resp. S~) is obtained by acting on a lowest weight 
vector by an even (resp. odd) number of Clifford multiplications by the positive 
generators E + and E±z n for n > of Lg/Lt). Since each of these generators shifts 
the su(2) weight by ±2, the su(2) weights of all elements in S + must be of the form 
An— 1, while the weights for S~ are all of the form 4n + l. Hence the weights of S + 
and S~ arc distinct, and thus there is no cancellation when we take their difference. 
Applying ( fL6| ) for the case of the trivial representation with A = 0, we obtain 

S LB/U) = Y. weW ^ U ^-l,2) = ^ neZ W (2« 2 -«,4„-l,2), 
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Figure 1. The weights of the spin representation on LSU(2)/LU(1). 



where we have explicitly written out the action of W su ( 2 ) = ^ k Z: 

(m, A, h) — (m ± An + hn 2 , ±A + 2/in, h). 
Using ( p~7|) for x(W M ), the characters of the half-spin representations are 

/Lf! ) (*, «) = . 2 E„ ez - 4 "^ 2 " 2 - n fc>0 d - *V. 

xow <*, «) = . 2 E„ ez - 4 " +i ^ 2 " 2+ " n fc>0 d - ^ 

where the powers of z, w, and m correspond to the energy, su(2) weight, and level re- 
spectively. Combining these half-spin representations, the total spin representation 
has character 

x (s La/Lt) ) (z, w , u) = u 2 J2 nez w2n ' lzin{n ^ U k J l - ^r 1 - 

The orbit of the lowest weight — p 3 = (0, —1, 2) under the affine Weyl group consists 
of all weights (to, A, 2) with A odd and to = |(A 2 — 1). This equation sweeps 
out a parabola, and the remaining weights live inside this parabola, satisfying 
to > |(A 2 — 1). The weights of S^/^ are shown in Figure [l], with the orbit of — p 



drawn as open circles. The multiplicity of any such weight can be derived from (17) 
and is given by the number of partitions of to — |(A 2 — 1) into positive integers. 

4. The Clifford algebra Cl(g) 

Let q be a finite dimensional Lie algebra with an ad-invariant inner product. 
Recall that the Clifford algebra Cl(g) is generated by the elements of q subject to 
the anti-commutator relation {X,Y} = X ■ Y + Y ■ X = 2 (X,Y) for all X, Y E g. 
There is a natural Clifford action on the exterior algebra A*(g*), which is given 
on the generators X £ g by c(X) = ix + £x*, where lx is interior contraction by 
X G q and ex* is exterior multiplication by the dual element X* G g* satisfying 
X*(Y) = (X,Y). Using the distinguished element 1 of the exterior algebra, the 
map x i— > c(x)l gives an isomorphism Cl(g) — > A*(g*) of left Cl(g)-modules, called 
the Chevalley identification. We may therefore view the Clifford algebra as the 
exterior algebra A*(g*) with the alternative multiplication 

(19) X*-r) = X*Ar) + L X V 
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for X G g and rj G A*(g*). 

Consider the graded Lie superalgebra g = g_i © go © Rii where the subscript 
denotes the integer grading. The exterior algebra A*(g*) is a representation of 
this Lie superalgebra g, with g_i acting by interior contraction, go acting by the 
coadjoint action, and the generator d G Ri acting as the exterior derivative. On 
the generators £ G g*, these operators are given by 

ixt = Z(X) i X : A fe (g*) - A^V) 

(ad^O(r) = -£(ad*y) ad^ : A fc (g*) - A fe+0 (g*) 

y) = -| Y]) d : A fc (g*) -> A fc+1 (g*) 

for X, Y G g. These operators then extend as super-derivations to the full exterior 
algebra, and they satisfy the identities [ad^-, by] = t*[x,Y] an d {d, ix} — &d* x . If we 
perturb this action by taking d' — d — , where D, is a closed g-invariant form of 
odd degree, then the commutation relations on g are unchanged. 

Theorem 5. Using the Chevalley identification, the action of g = g_i © go © R-i 
on A*(g*) can be expressed in terms of the adjoint action of the Clifford algebra as 

(20) &dX*=2i X X*eA 1 (g*) 

(21) uddX* = 2&d* x dX* G A 2 (g*) 

(22) ad ft = 2d- 2 t * G A 3 (g*) 

where f2 is the fundamental 3-form given by f2(X, Y, Z) = —^(X, [Y, Z}) . 

Proof. First, we show that the operators ix and ad^ arc super-derivations with 
respect to the Clifford multiplication (|l~9|). For X, Y G g and n G A*(g*), we have 

l x (Y*-T}) = L X {Y*Ar)) + L X iYV 

= (lxY*) An-Y*AixV- frixV 

= (txY*) ■ rj — Y* ■ i x r\, 

ad^ (y* • rf) = &d* x (Y* An) + &d* x i Y rj 

= (a,d* x Y*) Arj + Y* A a,d* x rj + b Y &d* x n + l [x ,y]V 

= (ad* x Y*)-ri + Y*-a,d* x V- 

Now, to prove the identities ((2^) and (^l[), we need only verify them for the gener- 
ators g* = A 1 ({(*), but it follows from the definition of the Clifford algebra that 

{X*,Y*} = 2{X,Y) = 2 LxY* , 

and by applying ( pOj ) and the identity {d, ix} = &d x , we obtain 

[dX*,Y*] = -2i Y dX* = -2&d Y X* =2&d* x Y*. 

To prove (§), we first verify that it holds when acting on a generator X* G g*: 

{n,X*}(Y,Z) = (2i X n)(Y,Z) = -(X, [Y,Z]) = (2dX*)(Y,Z). 

Finally we show that d' — d — to* is a super-derivation for Clifford multiplication: 

d\X*-rj) = d(X*Ari) - i n , (X*A rj) + di x V ~ in* i>xV 

= (dX*) Arj- X*Adrj - b( dx *y V + X* A lq.T) 

- txdn + a,d* x -q + L X t>n* V 

= {d'X*)-n-X*-d'<n, 



KOSTANT'S DIRAC OPERATOR FOR LOOP GROUPS 



15 



where we use the expansion (d'X*) -r\ — [dX*)-i] = (dX*) Ary+ad^- r\— i[dx*)' V- d 

Although the Clifford algebra Cl(g) does not admit an integer grading, it does 
have the distinguished subspaces g and spin(g), which correspond via the Chevalley 
identification to the first two degrees of the exterior algebra: 

AV) — c Cl(g), A 2 (g*) <— spin(g) c Cl(g). 

Since Spin(g) is the double cover of SO(g), there is a Lie algebra isomorphism 
spin(g) = so(g), and given any element a £ so(g), the corresponding element of 
a £ spin(g) is uniquely determined by the identity [a, A*] = (aX)* for all X £ g. 
In particular, the adjoint action ad : g — > so(g) lifts to a Lie algebra homomorphism 
ad : g — > spin(g) satisfying 

[&dX,Y*] = (&d x Y)* = ad^ Y*. 

However, from the identity (|2lJ), we see that the spin lift of the adjoint action must 
be&dX = \dX*. 

Let {Xi} be a basis of g, and let {X*} denote the corresponding dual basis of g 
satisfying (X*, Xj) — &y. In terms of this basis, the map ad : X t— > i dX* is 

(23) sax = -~^x*.[x,x i ], 

while the element 7 = j f2 corresponding to the fundamental 3-form is given by 

(24) 7 = ~ ■ x ; ■ x >] = \ E ■ Sdx - 

Rewriting Theorem [5] in terms of this new notation, we obtain the following: 

Corollary 6. The elements 1, X, ad A, 7 for X £ g span a Lie superalgebra 
R + © g- ffi g+ © M_ in the Clifford algebra Cl(g) with the commutation relations 

[ad X, Y] = [X, Y] , [ad X, ad Y] = ad[A, Y] , [ad X, 7] = 0, 

{X,Y} = 2{X,Y), {7, X} = ad X, {7,7} = -i tr e A° d , 

where A^ d = — ^ Y2i adx* adj^ is the quadratic Casimir operator. 

Proof. All of the commutation relations follow immediately from Theorem || and 
the above discussion with the exception of that for {7,7}. For example, we derive 

[ad A, aBy] = i ad^ dY* = \ d&d* x Y* = ad [A, Y], 

[ad A, 7] = -[iO,idA*] = -\ddX* = 0. 

To compute {7,7}, we note that the fundamental 3-form is closed, so we have 

{7,7} = {ifi,|n} = ^n-i in .o = -i(o,fi). 

Written in terms of an orthonormal basis {A^} for g, the fundamental 3-form is 

= -E 4<J<fe < x » \ x i> x *\) x * A x j A 

and so its norm is given by 

which yields the desired anti-commutator {7, 7} = — ^ tr fl A® d . □ 
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Note that the map ad : g — > Cl(g) is not necessarily injective; rather its kernel is 
the center of g. So, Corollary || actually gives us an inclusion of the superalgebra 

(25) fl:=K©0©[fl,0]©(0,[0,g]) C A*(g*) ^Cl(g) 

into the Clifford algebra of g. Also note that this Lie superalgebra g, with the 
commutation relations given by Corollary ^, is the quantized form of the graded 
Lie superalgebra g = g_i © g © Mi discussed above. 

5. The Dirac operator on g 

Let g be a Lie algebra with an ad- invariant inner product, and let S B be the 
complex spin representation of the Clifford algebra Cl(g). If g is even dimensional 
then we have Cl(g) © C = End(S g ), and in general the spin representation Cl(g) ^ 
End(§ B ) is faithful. To simplify our notation, in the following we implicitly identify 
Cl(g) with its image in End(S B ) under the spin representation. We recall from the 
previous section that the adjoint action ad of g on itself lifts to the representation 
ad : g -> Cl(g) given by (||). 

Let V be an arbitrary g- module where the g-action is the map r : g — > End(I^). 
Alternatively, this representation r may be viewed as the End(y)-valued 1-form 
f G End(F)©A*(g*) given tautologically by f(X) = r(X) for all X e g. Identifying 
A*(g*) with Cl(g) via the Chevalley map, the element f G End(V / ) © Cl(g) becomes 
an operator on the tensor product V © S g . Perturbing this operator slightly we 
define the Dirac operator $ r on V © § to be the element 

ft r := f + 1 © \ n G End(F) © Cl(g), 

where Q G Cl(g) is the cubic term given by (p2|). Written in terms of a basis {Xi} 
for g and the dual basis {X*} satisfying (X*,Xj) = <5j.j, this Dirac operator is 

fc. = x * < x *) ~^Y. X *- X r ^ x ^ 

i i,j 

= J2 x ?(r(X i ) + ±£lX, 

i 

Note that the second form of this operator resembles a geometric Dirac operator 
for the connection Vx = r(X) + ^adX. Indeed, if r is the right action of g on 
functions, then this is the reductive connection on the spin bundle over G (see |l2j). 

Rather than choosing a particular representation V, we can instead take r to be 
the canonical inclusion r : g > U(g) of g into its universal enveloping algebra U(g). 
This gives us a universal Dirac operator ^, which is an element of the non-abelian 
Weil algebra U(g) © Cl(g), introduced by Alekseev and Meinrenken in Q]. Again 
identifying Cl(g) with A*(g*), the element ft is characterized by the identity 

(26) L X ft = Q{X) := r(X) © 1 + 1 © adX 

for all X G g, where g = r©l + l©aclis the diagonal action of g on U (g) © Cl(g). 
Squaring the Dirac operator, we obtain the Weitzenbock formula 

= (f,f)+r A r + dr+±{Q,Q} = -2 AO-itr fl A» d , 
where the "curvature" term df + f A f vanishes since 

(df + f A f)(X, Y) = \ (-r([X, Y}) + [r(X),r(Y)] ) = 0. 
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Note that the square of the Dirac operator has no Clifford algebra component and 
is thus an element $ 2 € U(g) of the universal enveloping algebra. In fact, since the 
Casimir operator commutes with the g-action, the element jz> lies in the center of 
U(g). Considering the Dirac operator itself, given any l£gwe have 

(28) [ePO,0 = [*x0,0 = tx(0-0) = O, 

and thus is invariant under the diagonal action g of g on U(q) © Cl(fj). We can 
summarize the above results by stating that the Lie superalgebra 

R © (1 © fl) © g(&) © © MA fl c Ufa) © Cl(g) 

is a central extension of the Lie superalgebra g from Corollary || by the span of the 
quadratic Casimir operator A s . The commutation relations in this extension are 
the same as in Corollary ^, with the exception of the square of the Dirac operator 
which is given by (^) . To obtain the corresponding "classical" algebra, we let this 
superalgebra act on the non-abelian Weil algebra via the adjoint action. Since the 
elements 1 and A B lie in the center of the universal enveloping algebra, we are left 
with the graded Lie superalgebra g, as Alekseev and Meinrenken show in |L). 

Theorem 7. The non-abelian Weil algebra U (g) © Cl(g) is a representation of the 
graded Lie superalgebra g = g_i © go ffi Ki spanned by the operators bx, Cx, d for 
leg given by 

l x = b,&(\X), C x = &d(g(X)), d = ad(0). 

Now, suppose that g is reductive. If V\ is the irreducible representation of g with 
highest weight A, then the value of the quadratic Casimir operator on V\ is 

A s A = i(l|A + P fl ll 2 -HM 2 )- 

In addition, for reductive Lie algebras we have the identity ^ tr A® d = ||p fl || 2 , and 
it follows that the square of the Dirac operator $ x acting on V\ © § fl is simply the 
constant $\ = — ||A + p s \\ 2 - 

6. The Dirac operator on g/f) 

Let f) be a Lie subalgebra of g, and let p be the orthogonal complement of f) 
with respect to the ad-invariant inner product on g. The adjoint action of f) on 
g = 1) © p respects this decomposition, so we obtain ^-representations adf, and ad p 
on f) and p respectively. The Clifford algebra also decomposes into the product 
Cl(g) = Cl(f)) © Cl(p) of two Clifford algebras, and with it the spin lift of the 
adjoint action becomes the sum ad = adf, ®1 + 1 ® ad p of separate spin actions 
adi, : t) — > Cl(f)) and ad p : f) — » Cl(p). The spin representations §(, and S p of Cl(f)) 
and Cl(p) are therefore representations of f), and if one or both of h or p is even 
dimensional, then we have S B = S(, © S p . 

Let $g € U(g) © Cl(g) denote the universal Dirac operator on g discussed in the 
previous section. Now consider the twisted Dirac operator ^ on f) given by 

^ := f' h + | n 6 e (Uft) © Cl(p)) © Cl(f)) S UQ>) © Cl(g) 

where r' = r ® 1 + 1 <8> acl p is the diagonal action of f) on U(\)) (8 Cl(p). In other 
words, given any representation U of f), this twisted Dirac operator $u is the usual 
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Dirac operator ^ acting on the twisted space (U ® Sp) ® §(, = U ® S . As we saw 
in (^), this Dirac operator ^ is characterized by the identity 

L Z 0tt = 0f) ( Z ) = Qb i Z ) = b Z fig 

for all Z G t), where ^ is the diagonal action of f) on (t/(f)) <8> Cl(p)) ® Cl(f)) . Note 
that p'f, is just the restriction to fj of the diagonal action g g of g on U(g) <8> Cl(g). It 
then follows from ( p^ ) that the element 0'^ commutes with the diagonal action g'^ . 

Define ft g /t, = fi g — fi'^ to be the difference of these two operators. This element 
{fig/fj is then basic with respect to f), or in other words it satisfies the identities 

l z @ gh = 0, C z = [g' h (Z), g/t) ] = 0, 

for all Z G f). This Dirac operator can also be written as the element 

^ 0/f ,=r p +l®iQ p G (f7( )®Cl(p)) b , 

where f p G ® A x (p*) corresponds to the map r : p <^-v t/(g), and f2 p G A 3 (p*) 
is the fundamental 3-form given by n p (X, F, Z) = -g(A, [F, Z]) for all A, F, Z G p. 
To keep track of the cubic terms, note that the fundamental 3-form decomposes as 

£l g = + fip + 3 fifjpp, 

into its projections onto A 3 (f)*), A 3 (p*), and f)* A p* A p* respectively. This extra 
contribution corresponds to the twisted term f'^ — rj, = | f^pp appearing in j^. 
If {Xi} and {A*} are dual bases for p, then the Dirac operator $ g /f) is 

i id 

= ^A*(r(A l ) + ia~dpA l ), 

i 

where [X, F] p for X,7 G p denotes the projection of [J,7] onto p, and 

a~d P A = -i^ A*-[A,A4 

for A G p. (Note that all of the sums here are taken over a basis of p, not of g.) 
The geometric version of this Dirac operator fi g [^, viewed as an operator on twisted 
spinors on the homogeneous space G/H, is discussed in [|l3|, Q and ||. 
To compute the square of ^ fl /fp we first show that ^ and fi g /^ decouple, 

We therefore have 

Suppose that both g and f) are reductive. If r : g — + End(VA) is the irreducible 
representation of g with highest weight A, then fi g /^ is an f)-invariant operator on 
V\ ® Sp . Its square then takes the value 

(29) ^U = -||A + P fl H 2 + llM + ^H 2 

on the f)-invariant subspace of V\ ® § p transforming like the irreducible represen- 
tation Ufj, of f) with highest weight \x. It follows that the kernel of ^ fl /^, which is 
in turn the kernel of the Dirac operator fi g j^ itself, consists of all f)-invariant sub- 
spaces of V\ ® § p transforming like , where fi is a dominant weight of () satisfying 
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1 1 A* + Phil 2 = II A + /o 1| 2 - As we show in the following theorem, these subspaces are 
precisely the multiplet of ^-representations corresponding to the g-representation 
V\, which we discussed in 

Theorem 8. Let q be a semi- simple Lie algebra with a maximal rank reductive Lie 
subalgebra fj, and let V\ and denote the irreducible representations of g and I) 
with highest weights A and p. The kernel of the Dirac operator ^ fl /f, on V\ <8> § p is 

Ker^ /f , = c6C C/ c . A) 

where c • A = c(A + p g ) — p^, and C C W g is the subset of Weyl elements which 
map the positive Weyl chamber for g into the positive Weyl chamber for f). 

Proof. Since the Weyl group acts by isometries, the weights c»A satisfy the identity 

||( C .A)+^|| 2 H|c(A + p 8 )|| 2 = ||A + p fl || 2 , 

and it follows from (|2^) that the Dirac operator vanishes on any f)-invariant 
subspace of V\ ® § p transforming like U cm \. To complete the proof, it remains 
to show that each of these representations occurs exactly once in the domain of 
the Dirac operator and that no other ^-representations appear in its kernel. We 
establish these facts in the following two lemmas (see also ||). □ 

Lemma 9. For each c G C , the irreducible representation U cm \ of t) with highest 
weight c • A = c(A + p g ) ~ p§ occurs exactly once in the decomposition of V\ (8> §p- 

Proof. The highest weight space of an irreducible representation of g is always one 
dimensional, so the weight A appears with multiplicity 1 in V\. Now consider the 
complex spin representation S / t associated to the orthogonal complement of a 
Cartan subalgebra t in g. Given a positive root system for g, the character of this 
spin representation is x(^g/t) — IIa>o( eIQ ^ 2 + e~ iQ / 2 ), and so the highest weight 
Pa = 2 E o >0 a °f ^fl/t appears with multiplicity 1. The highest weight of the tensor 
product V\ ® S g /{ is then A + p g , appearing with multiplicity 1, and likewise the 
weights w(\ + p s ) for w G W s all have multiplicity 1 in V\ ® § B / t . 

Choosing a common Cartan subalgebra t C t) C g, the spin representation factors 
as S fl / t = S p ® §f,/t- As we noted above, the weight pp, appears with multiplicity 1 
in the second factor §f,/t- It follows that the weights w*A for w G W e can appear at 
most once in the tensor product V\ (g)S p , as each such weight contributes one weight 
of the form (wX) + pt, = w(X + p s ) to the tensor product l^A^Sp ®§b/t = VA®§ fl /t- 
On the other hand, we see from the homogeneous Weyl formula ([l2]) that the 
irreducible representations U cm \ for c G C appear at least once in the decomposition 
of the tensor product V\ ® § fl /i r We therefore conclude that the representations 
U c ,\ for c G C each occur exactly once in V\ <g> S p . □ 

Lemma 10. Lf p, is a weight of V\ ® § p satisfying \\p + p^W' 2 = ||A + p g \\ 2 , then 
there exists a unique Weyl element w G Wg such that p, + = w(\ + p g ). 

Proof. If p, is a weight of V\ ® § p , then p + ptj is a weight of the tensor product 
V\ ® S p (g> S^t = V\ ® § g / t . Since the Weyl group acts simply transitively on the 
Weyl chambers, there exists an element w G W g such that w~ 1 (p + pf,) is dominant, 
where we recall that a weight v is dominant if and only if {v, a) > for all positive 
roots a. Note that every weight of § fl / t can be obtained from its highest weight p g 
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by subtracting a sum of positive roots. Likewise, for the tensor product V\ ® § fl /t) 
the difference (A + p g ) — w^ 1 (p + pt,) is a sum of positive roots, and it follows that 

||A + p fl || 2 > l^-^A' + Ph)!! 2 , 

with equality holding only when (A + p B ) — w^ 1 (p + pt,) = 0. As for the uniqueness 
of w, if A is dominant, then the weight A + p g lies in the interior of the positive 
Weyl chamber for g, and thus the weights w(X + p 3 ) for w G W g are distinct. □ 

Theorem ^| now follows immediately from the above two lemmas. We can actu- 
ally be slightly more specific about the kernel of the Dirac operator, recovering the 
signs appearing in the homogeneous Weyl formula (|l2|). Recall that the spin rep- 
resentation decomposes as § p = §jj~ © SjT into two half-spin representations. Since 
the Dirac operator is an odd element of the non-abelian Weil algebra U (g) ® Cl(fl), 
it interchanges and Sp . Restricting the domain of the Dirac operator to the 
positive half-spin representation, we obtain an operator 

P+ /6 :Va®S+-V a ®S- 
Furthermore, since the Dirac operator is formally self-adjoint, its adjoint is 

the restriction of the Dirac operator to the negative half-spin representation. Since 
these Dirac operator are acting on finite dimensional vector spaces, the index is the 
difference of the domain and range, so we have 

(30) Ker 0+ ft - Ker 0- /f) =V\® S+ —V\® S" , 

which is given by the homogeneous Weyl formula (p^). Comparing this with the 
kernel of ftg/t, = fr^/^ © $g/f> gi yen m Theorem ||[ we therefore obtain 

Ker ^.A, Ker^ = U c . x . 

(-i)°=+i 

In other words, there is no cancellation on the left hand side of equation (|3(]), and 
the signed kernel of this Dirac operator picks out precisely those representations, 
with sign, appearing on the right hand side of the homogeneous Weyl formula ( |l2[ ) . 

7. The Clifford algebra Cl(Lg) 

In Section [|, we examined the Clifford algebra associated to a finite dimen- 
sional Lie algebra with an invariant inner product. The infinite dimensional case 
is more complicated, and the general theory of such infinite dimensional Clifford 
algebras and their spin representations is developed in the mathematical literature 
by Kostant and Sternberg in ||. Here, we consider the Clifford algebra associated 
to the Lie algebra Lg of smooth maps from S 1 to a finite dimensional Lie algebra 
0, where we restrict to the dense subspace of loops with finite Fourier expansions. 
This finiteness condition ensures that the Lie algebra Lg has a countable basis, and 
the complexification of this loop space is then Lgc = fceZ g<cz k = gc[z, z^ 1 ], the 
Lie algebra of finite Laurent series with values in Qc- Averaging the pointwise inner 
products over the loop, we obtain an invariant inner product on Lg given by (||). 

The Clifford algebra C\(Lg) is spanned by finite sums of products of the form 
£i •• •£« for loops £j G Lg, subject to the relation = 2 (£,77). However, the 

loop space analogues of the elements ad X and 7 introduced in §|4| are in fact infinite 
sums, so we must instead work with a formal completion of the Clifford algebra. 
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Unfortunately, the product of two such infinite sums does not necessarily converge. 
On the other hand, given a spin representation Sl b of the Clifford algebra Cl(Lfl), 
we can view End(S£ B ) as a completion of Cl(Lg) with a well defined product given 
by the composition of endomorphisms. As we discussed in §0, to define the spin 
representation we must first choose a polarization. With respect to the action of the 
infinitesimal generator dg of rotations, the complexified loop space Lgc decomposes 
into its negative, zero, and positive energy subspaces Lgc = ^flc ®9c®Lg^., where 
LgJ and Lg^ are isotropic subspaces which are dual to each other with respect to 
the inner product. The spin representation corresponding to this polarization is 
Slq ■= § B <8 A*(Lg c ~), and the Clifford action c : Cl(Lgc) ~* End(<S£ fl ) is given by 

fl®e(0 for£eLg+, 
c(0 = |l®*(0 for £eLg c , 

[ c (C)®(-i) F foreegc, 

where e and i are exterior multiplication and interior contraction respectively, and 
F is the degree operator on the exterior algebra. If {rji} is a basis for Cl(ifl^), then 
when applied to a specific element of the spin representation Sl b , all but finitely 
many of the operators c(rji) = t,(jii) vanish. Formal infinite sums c{oJi)c{rji) with 
coefficients oji S Cl(gc © -^flc) therefore yield well defined operators on the spin 
representation, and in fact all elements of End(<SL g ) can be expressed in this form. 

The exterior algebra that we shall consider here is not A*(Lg*), but rather the 
algebra A*(Lg)* of skew-symmetric multilinear forms on Lg. Such forms can be 
expressed as formal infinite sums of basic products of the form £* A • • • A £* for 
£i G Lg. In infinite dimensions, the Chevalley map ch : Cl(Lg) — > A*(Lg)* is no 
longer surjective; its image consists of all forms given by finite sums of the basic 
wedge products. Although the Chevalley map fails to converge if we attempt to 
extend it to the completion End(6>i g ) of Cl(Lg), we can perturb it by terms of 
lower degree to remove the infinite contributions. Separating the Clifford algebra 
into its positive and negative energy factors, we define the normal ordering map 
n: Cl(iflc) - A*(Lg c )* by 

n(oj + ■ lu~) = ch(w + ) A ch(a;~), 

where uj + E C\(gc © Lg^) and ui~ G Cl(Lg^). The normal ordering map extends 
to the completion End(5L ) of the Clifford algebra, and its image is the subspace 
h*(Lg c ) + C A* (Lgc)* given by 

A*(L 0C )+ = {uj e A*(L 0C )* I (l v lu)+ e A*(L 0C -) for a11 V e A*(L fl c)}, 

where () + denotes the projection of A*(Lgc)* onto A*(Lg^)*, and we identify 
A*(Lg c ") with a subspace of A*(Lg^)* via the inner product. In terms of a basis {77^} 
for A*(Lg~), we may write elements of A*(Lgc) + as formal infinite sums J^- u>* A77*, 
with oji € A*(gc © Lg^) living in the zero and positive energy components. 

Remark. Decomposing Lgc — ©^gz 8c zk in terms of its energy grading, we define 
a secondary degree on Lgc counting only the negative energy contribution 



sdeg Xz k 



for k > 0, 
k for k < 0. 



where I 6 gc and Xz k is the loop z 1— > Xz k for \z\ — 1. Let Lg c = g c [z,z x ] 
denote the reduced dual of Lgc- Extending sdeg to the exterior algebra A*(Lg c ), 
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we note that A*(Lgc) + is the completion of A*(Lg£) with respect to sdeg. In other 
words, A*(Lgc) + consists of all formal infinite sums Yli^i °f sdeg-homogeneous 
elements w, G A*(Lg£) with sdegWi — > oo. 

We can now use the normal ordering identification n : End(6>£ B ) — + A*(Lgc) + to 
define product and bracket structures on A*(Lgc) + . The normal ordered product 
wi ■„W2 = n(n _1 oji -n W2) on the exterior algebra differs from the product induced 
by the Chevalley identification by terms of lower degree. However, many of the 
supercommutators remain unchanged. In particular, the normal ordered bracket 
with the dual £* G LgJ = A 1 (Lqc) + of a loop £ G Lgc is still given by 

[£*,w+ Auj~] n = n[n _:l (£*),n _1 (u; + A^)] = ch -1 a; 4 " .ch _1 w - ] 

= n([£,ch _1 u; + ] -ch" 1 ^ ±ch _1 w+ • [£,ch _1 cj-]) 

= 2l£U + Aw^iw + A 2t£W~ = 2 Au"), 

for w + G A*(g c © iflj)* and uj~ G A*(Lg^)* of homogeneous degree. Thus, 

(31) [C,u] n — 2b£U for £ G £gc and w G A*(Lg c ) + . 

Reprising the discussion of §|[ for any £ G Lg, consider the 2-form d£* given by 
d£*(r], C) = — [77, C]} for all 77, £ G Lg. Although <9# is not an element of Lq, we 
can nevertheless define an analogous 2-form ddg by ddg (£,77) := 3 (£, c^). Note that 
d<9g is closed but not exact, so it defines a cohomology element in H 2 (Lq). Finally, 
the fundamental 3-form VL is given by fi(£, r), £) = — i(£, [77, C]) f° r Cj^iC £ -^9- 
These elements all lie in A*(Lgc) + , and they satisfy the identities 

(32) ^ = [£,77]*, Ltdd* e =-(doO*, t£ Q = d£*. 

Using the normal ordered product and bracket on A*(Lgc) + coming from End(tSL B ), 
we obtain the loop space version of Corollary ^. 

Theorem 11. If g is simple, then the elements 1, £* for £ G Lg, ad£ = \d^* for 
£ G M ® Lq, and 7 = \ Q, span a Lie superalgebra in A* {Lq) + C End(<Si B ) satisfying 

{r,»?*}=2«,i7), 

[ad £,77*] = [£,77]*, [ad £, ad 77] = ad [£,77] + ic B (£, <9 e ?7), 

[add e ,C] = (%£)*, [add ,ad£] = ad(ck£), 

{ 7 ,£*}=ad£, [ 7 ,ad£] = ±ic B (ck£)*, 

[7,ad9e] = 0, {7-7} = ic a aH9e - ^c B dimg, 

where c B is the value of the Casimir operator of g in the adjoint representation. 

Proof. The bracket {£*, 77*} = 2(£, 77) is simply the definition of the Clifford algebra, 
while the brackets [acl£,?£] = [£,77]* and [ad <%),£*] = (9g£)* and { 7 ,£*} = acl£ 
follow immediately from (|31 ) and (p2|). By the Jacobi identity, for any £, 77 G R © Lg 
and C G ig we have 

[[ad £, ad 77], C] = [ad£,[adr?,C*]] - [ad 77, [a~d£, (*}] 

= [t, fa C]] * - [»?■ K. C]] * = [K.»?]»C]*= [a~d [£, 77], r] , 

which shows that ad is a projective representation of R © Lg on vSz, B . In Theorem [j] 
we established that this spin representation has central charge c B , which gives us 
the brackets [ad £, ad 77] — ad [£, 77] + ic B (£, c^) and [ad <9#, ad £] = ad de£. 



KOSTANT'S DIRAC OPERATOR FOR LOOP GROUPS 



23 



To compute 7 2 , we write it as the sum 7 2 = (j 2 )o + (7 2 )2 of homogeneous forms 
of degrees and 2. (We shall see that 7 2 has no components of degrees 4 or 6.) 
Since = ad£* for £ e Lg is a derivation with respect to the backet, we have 

L a 2 = [^7-7] = I [^ d ^7]- 
Taking one further interior contraction, we obtain 

HW 2 = -\{[ sa ^ S3LT il -ad^,??]) = -\ic a (£,,d e ri), 

which is a constant. It follows that 7 2 has no components of degree higher than 2, 
and that (7 2 )2 is the 2-cocycle determining the central extension of Lq for the spin 
representation ad. In fact, this 2-cocycle is a multiple of &Adg, and we have 

h 2 h(Lv) = -\ l i L vl 2 = k{ ic e(^ d ev)) = 5 *c g (ad 
Going back up one level, we see that 

[ad 5, 7] = 2i£7 2 = ic B addg — —5 ic g (dg£,)*. 

Finally, the value of the constant (7 2 )o is the value of 7 2 acting on the minimum 
energy subspace Sl s (0) of the spin representation, since &ddg vanishes there. How- 
ever, all the terms in 7 2 vanish on Sl s {0) except the contribution from the constant 
loops, and thus (7 2 )o = 55 t r g = is c s dim g as we proved in Corollary ^. □ 

Taking a slightly different view of this theorem, the commutation relations given 
in Theorem [ll] determine a Lie superalgebra (with subscripts denoting the grading) 

© iflodd © (RfflLfl)cven © Kodd, 

and the identification of A*(Lg) + with its image in End(<Sz, B ) gives a representation 
of this Lie superalgebra on the spin representation Slq ■ Actually, we can extend this 
Lie superalgebra further. The component R CV en © ^0odd © ^Beven is called a super 
Kac-Moody algebra, and using superspace notation, its complexification is a central 
extension of the polynomial algebra g ® C[z, z _1 , 8], where is an odd variable 
(i.e. 2 = 0). The super Virasoro algebra SVir is the universal central extension of 
the Lie algebra of derivations of C[z, z~~ (Note that the even derivations are 

just the vector fields on the circle.) The super Virasoro algebra therefore acts on 
the super Kac-Moody algebra, and their semidirect sum is referred to as the N = 1 
super con] ormal current algebra (see Q): 

SVir © (K 

even © iflodd © Lq 

even ) • 

In our case, the elements ad dg and 7 span the even and odd zero-mode subspaces of 
the super Virasoro algebra, with commutator {7,7} = ic B (ad dg + 4r i dim g) . Here, 
the additional ^ dim g term, which is sometimes incorporated into the definition 
of addg, corresponds to the anomalous energy shift we encountered in (^|). 

Given an orthonormal basis {Xi} for g, the loops V™ = XiZ n for n E Z form a 
basis for Lgc satisfying (X^XJ 1 ) = &i.j8 n ,~m- In terms of this basis, we have 

a ~dc = -\j2 x ^ k ■ K>**]> a ~ d5 « = \ E ikx J ■ x i k ' 

i,k j, k>0 

i 7 j,k,l i,k 

Note that in the expressions for ad£ and 7, the ordering of the factors does not 
matter (up to sign), since they are orthogonal and therefore anti-commute with 
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each other. However, in the expression for addo, we have {X k , X~ k } = 2, so 
changing the order of the factors shifts the operator by a constant. Here we see 
normal ordering in action, forcing us to write factors X* with k positive on the 
left and factors X~ k with — k negative on the right. In physics notation, this 
would be written as acl dg = —\ J2j kez ^ ' Xj : , where : £ i] : = n^ 1 (n £ A n rf) 
denotes the normal ordered product in the Clifford algebra. (This colon notation 
is misleading as it is not a map on the Clifford algebra but rather an instruction to 
replace all Clifford products between the colons with normal ordered products.) 

If the Lie algebra q is not simple, then Theorem |ll| still holds, albeit with slightly 
modified commutation relations. For a general finite dimensional Lie algebra q, the 
Casimir operator A^ d = -|Xii( a ^i) 2 110 longer takes a constant value c B . In 
this case, the role of the quadratic element ad dg is played by the 2-cocycle oj^d for 
the projective spin representation ad, given on £, 77 G Lq by 

w a ~d(£, v) '■= [ad£, ad r/] - ad [£, 77] = i (£, A^derj), 

where the Casimir operator A® d acts pointwise on the loop space Lq. Viewing Wad 
as an element of the Clifford algebra, we have the commutator 

so we may also view the projective cocycle as lu^ = 4i ad(A fl <9g), where A 8 is the 
formal Casimir operator in the universal enveloping algebra of q. We therefore have 

[ Wa ~ d ,ad£] = 4z [ad(A^ e ),ade] - 4iad(A^), 

and the adjoint action of 7 in Theorem |ll| then becomes 

[ 7 , a ~d£] = ii(A« d ^)*, 

{7,7} = Jwa-^tr,, A» d , 

with the other commutation relations remaining unchanged. Alternatively, the pro- 
jective cocycle can be viewed as the 2-form component of the Casimir operator 

A^ = -2z ad(A^) + Af d = -± + f tr 8 A« d 

for the spin representation ad of Lq, which we discuss in Theorem fL2| below. 

8. The Dirac operator on Lq 

Following our discussion in Section ^, given any positive energy representation 
r : Lq — > End(H), we construct a Dirac operator 

d r := f + 1 ® \ fl LB G End(W ® 5 Lfl ), 

where f is the tautological End(7i)-valued 1-form on Lq given by r(£) = r(£) for 
all £ G and is the fundamental 3-form given by C) = — h(£i [Wi C]) 

for £, 77, £ G Lg. As in the previous section, we implicitly identify A*(Lg) + with its 
image in End(6>L B ). Written in terms of a basis {X™} of Lq satisfying (X™, X™ 1 ) — 
SijS n} - m , this Dirac operator is 

0r = E*rM*D-^ E *r-v-^,^r +m 

i,n 
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Note that all of the individual factors in this expression (anti-)commute with each 
other, so $ r does indeed give a well-defined operator on the tensor product H®Sl s , 
without requiring normal ordering or dealing with any infinite constants. 

In its most general form, if we take the representation r to be the canonical 
inclusion r : Lq U(Lq) of Lq into its universal enveloping algebra U(Lq), then 
the corresponding universal Dirac operator is an element of the formal completion 
of the non-abelian Weil algebra A—U (Lq) <g> Cl(Lg) . (Alternatively, we may view A 
as the universal enveloping algebra of the super Kac-Moody algebra Lg e ven©£0odd-) 
As we saw in the previous section, the product of two such infinite formal sums 
does not necessarily converge. However, keeping in mind that we are really working 
with operators on Hilbert spaces, we can indeed extend multiplication to a suitable 
subspace A + of the formal completion, which we define as the largest subspace 
for which the homomorphism A — > End(7i ® Sl s ) extends to A + for any positive 
energy representation TL of Lq. In particular, if TL is a faithful representation of 
U(Lq) — we can construct such a representation by taking the Hilbert space direct 
sum of countably many irreducible positive energy representations of Lq — then 
the homomorphism A + End(7i £g) 5l b ) induces a product structure on A + . 
Fortunately, we can perform all of our computations here using the techniques of 
the previous section, working with [/(Lg)-valued forms on Lq. 

Using this extended multiplication, the square of the Dirac operator is 



f 2 



+ {r,in LB } + \n 2 Lg . 



Since f is an End(7i)-valued 1-form on Lq, its square is a sum f 2 = (r 2 )o + (? 2 )2 
of forms of homogeneous degrees and 2. For the degree 2 component, we have 
(f 2 )2 = f Af, and the "curvature" df + f A f of the representation r is given by 

{df + f A r)(t V) = h( HO, r(v)} ~ r(fc »»])) = £ Wr(f, v), 

where uo r G K 2 (Lq) + is the 2-cocycle corresponding to the projective representation 
r. If g is simple and / is the generator of the universal central extension of Lg, then 
uj r = 4r(I) addg. The degree component of f 2 is given by the following: 

Theorem 12. The operator A^ B := — ^(f 2 ) is called the Casimir operator for the 
loop group Lq, and if q is simple then the Casimir operator acting on the irreducible 
positive energy representation H.\ with lowest weight A = (to, —A, h) is given by 

Ar 8 = ~i ih + c fl ) (r (d ) - im) + A* 

= -z(/ l + Cg )r(a e ) + i(||A-p B || 2 -||p fl || 2 ), 

where p B = (0, p g , — c s ) and c g = A^ d is the value of the quadratic Casimir operator 
of q acting on the adjoint representation, and the inner product is given by (j^j. 

Proof. In order to simply our calculations, we first note the following idcntitcs: 

[f,aa £](»?) = [r(77),a~d£] - {f,!fo,£]*} = r ([£,??]), 
[?,r(0]fa) = [rfa),r(0] = r(fo,£]) + <r?,^)r(I) 

= ([^,f}+r(I)(deO*)(ri), and 
[adC,r 2 ]o = -[ad£,(r 2 ) 2 ]o = -[adf,df] 

= 2(ad/)f(9 e 0=2(ad/)r(9 e 0- 
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We now show that the commutator of A^ B with an element £ 6 Lg is 
[A r L V(0] = -I [*V(£)] - {r, [r,r(0]} 

= ±{f, [f,ade]} -H f »K^)(^0*} 

= -(ad7)r(^)-r(7)r(^) 
= -[(r(7)+ad/)r(9 e ),r(0]. 

It follows that the operator A^ 9 := A^ s + (r(I) + adl)r(dg) commutes with the 
action of Lg, and therefore takes a constant value on each irreducible representation. 
Acting on the minimum energy subspace TL\(m) ofH.\, the only terms contributing 
to A^ s are those coming from the constant loops, and thus this constant is 

A a B - A r% x{m) +Hh + c g ) r(d e )\ Hx{m) =A»-(h + c B ) m. 
The desired result then follows immediately. □ 

By definition, the 0-form component of f 2 acts as the identity operator on Sl b ■ 
To compute the action of A^ fl , we can therefore restrict it to the minimum energy 
subspace c>£ B (0) of the spin representation. In terms of a basis {A"}, we have 



H®5 iB (0) 



= -\ E w (*•(*) r ^ x * ■ x * + E n>0 ^") r ( x i n ) x r ■ x ) 

* — 't, n>0 

which is the usual definition of the Casimir operator for a loop group. The Casimir 
operator can be used to define the energy operator r(dg) in terms of the action of 
Lg. The constant term A® is sometimes incorporated into r(dg), in which case it 
is viewed as an anomalous energy shift due to the degeneracy of the vacuum. 

Returning to our computation of the square of the Dirac operator, we note that 
the cross term is given by the anti-commutator {f, ^ ^l } = df, and we obtain 

3 2 — -2A Lb + -uj - — tr A 8 

where lo b is the 2-cocycle corresponding to the diagonal action g = r(g)l + l®adon 
the tensor product H <g> Sl s - If is simple, then this 2-cocycle is uj g = 4 g(I) addg. 
Furthermore, if TL\ is the irreducible positive energy representation of Lg with 
lowest weight A = (to, — A, h), then using (B3h for the Casimir operator, we have 



fx = 2i(h + c B ) (g(dg) - im) - \\X + p g || 2 
= 2g(I)g(d e )-\\\- Pg \\\ 

Note that unlike the finite dimensional case discussed in §[| the square of the Dirac 
operator for Lg does not take a constant value on each irreducible representation. 
Here, the Dirac operator fails to commute with the diagonal action g of Lg on 
W (g> Sl s - Since the Dirac operator satisfies the identity 1^$ = g(0> we have 

[e(0. 0\ = = = 2 Q{I) ^ ad9 e = -g(I)(d O*, 

and thus $ commutes only with the subalgebra R © g © R of R © -Lfl. 
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If the Lie algebra g is reductive but not simple, then the expression (]34|) for the 
square of the Dirac operator still holds provided that the central extension satisfies 
Lu g = 4 g(I) adcV In other words, the invariant inner product on g must satisfy 

[Q(0,Q(r,)]-Q(^,v]) = Q(m,9ev) 

for some imaginary constant g(I). Given any irreducible positive energy projective 
representation H of Lg, we can always choose an invariant inner product on g 
such that H. ® Sl$ is a true representation of the corresponding central extension 
Lg. However, this choice of inner product depends on the representation, so this 
approach does not give a universal expression for the Dirac operator. 

9. The Dirac operator on Lg/Lt) 

As in Section ^, let f) be a Lie subalgebra of g, and let p denote the orthogonal 
complement of t) with respect to the invariant inner product on g. This orthogonal 
decomposition extends to the loop Lie algebra Lg = Lt) Lp, and the Clifford 
algebra decomposes as Cl(Lg) = Cl(Lf))®Cl(Lp). If p is even dimensional, as is the 
case when t) has the same rank as g, then we can also factor the spin representation 
as Sl b — Sn, <8> Slp, where <Sl(, and Sl p are representations of Lt) of levels Cf, and 
Cg — Cf, respectively, and the action of Lt) on 5l p is 

ad Lp : Lt) -» A 2 (Lp)+ <-+ End(S Lp ) 

C-(a~d Lp Qfor)) = {(Z,[SM) 

for ( S Lt) and £, rj e Lp. 

Given any positive energy representation vl b of Lg on a Hilbert space H, its 
restriction gives a representation rjM of Lt) on Ti.. Now consider the diagonal rep- 
resentation r' Lt) —ru) ®l + l®adLp of Lt) on the tensor product H <g> 5l p . Using 
the construction of the previous section, we build the twisted Dirac operator 

#Lt> = ?U + 3 ^Lf, G End(H ® 5 Lp ® 5t 6 ) = End(ft ® 

Noting that the diagonal action g' Lf) = r' <g> 1 + 1 (8 ad L |, onW® 5 ifl is simply the 
restriction of the action g£ g = r ® 1 + 1 <8> adi, g to Lf), we obtain the identities 

<<0Lf, = 0X,t)(C) = 0£fl(C), 

[to B (C),^] = itcw? = itCWe 8 > 
for ( S if). The difference ^l 5 /l^ := ^L fl — J^Lfj i s basic with respect to Lf), i.e. 

for all £ 6 Lf), and thus it can be written as the Lf)-equivariant operator 

(35) ? Lo/Lf) = r Lp + \ n Lp e End(H ® S Lp ) L \ 

where ftp is the tautological End(7i)-valued 1-form on Lp given by r(£) = r(£) for 
£ G Lg, and f^Lp is the fundamental 3-form given by Olp(£, t?, C) = — |(£> I 7 ?; C]) f° r 
^, ?7, C G Lp. Writing this Dirac operator in terms of a basis {A™} of Lp satisfying 

{XV-, XJ 1 ) = 5 it jS n - m , we have 

where [X, F] p denotes the projection of [-X",Y] onto p. 
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As we saw in the finite dimensional case, the two Dirac operators 0' Lt) and j^£ S /£[, 
are decoupled, or in other words they anti-commute with each other: 

{0Lft> ^Lg/Lt,} = {r' Lf) , @Lg/Lt,} + {k^Lt,, @L B /L\j} = 0, 

where the first summand vanishes since for all C G Lt) we have 

{rU^Lg/L^iO = [r'(0^ LB/Lt) ] = 0, 

and the second summand vanishes as the odd operators \ fi^t, and act 011 

distinct representations Sl^ and TL ® Sl$ and therefore anti-commute. Since these 
two operators are decoupled, the square of the Dirac operator on Lg/Lt) is 

^ fl /L, = OL B ) 2 -(^) 2 

= 2 (A?- - A?) + i - a,?) + i (tr B A« d - trj A* d ). 

Now consider the case where q is simple, t) is reductive, and 7^a is the irreducible 
positive energy representation of Lq with lowest weight A. Since fi^g/L^ is an 
L[)-equi variant operator on TL\ ® Sl p , it is a constant on each of the irreducible 
subrepresentations of Lt). If is the irreducible positive energy representation 
of Lt) with lowest weight /x, then using (|34j), we see that the square of the Dirac 
operator takes the value 

, , {?>Lg/LM?\=^QLg{I)QLg{de)-\\\- P X 

(36) 

- 2 ^(7) g' Lil (d e ) + - p„ || 2 = -]]A - pj 2 + || M - Pl) || 2 , 

on the £Y M components of 7i a ® »$Lp ■ Note that the non-constant terms vanish since 
gLg and agree on K©Lf). 

Note that in the above construction, we are using the invariant inner product on 
f) obtained by restricting our invariant inner product on q. When q is simple, we 
use the basic inner product on q, which is normalized so that ||o; max || 2 = 2, where 
a mal is the highest root of g. We recall that the basic inner product corresponds 
to the universal central extension Lq of Lq, which in turn restricts to give a (not 
necessarily universal) central extension Lt) of Lt). Nevertheless, given any positive 
energy representation TL of Lq, the tensor product TL (g> Sl b is a true representation 
of this central extension Lt). So, if t) is reductive, then the squares of the Dirac 
operators $' Li) and $L$/Lt> are indeed of the form given by (Q) and (|3^). 

On the other hand, if q is not simple but rather semi-simple, then the basic inner 
product on q is normalized so that ||ai|| 2 = 2, where the a, are the highest roots 
of each of the simple components of q. In this case, a projective positive energy 
representation of Lq is not necessarily a true representation of the corresponding 
central extension Lq, so the expression (|34|) for the square of the Dirac operator 
on Lq is not universal. However, if t) is reductive, then the expression ( ^6|) for the 
square of the Dirac operator on Lq/L\) does still hold, as the non-constant terms 
must vanish since the operator commutes with the action of Lt). 

10. THE KERNEL OF THE DlRAC OPERATOR 

Given a linear operator d : V — > W between two finite dimensional vector spaces, 
the alternating sum of the dimensions in the exact sequence 

— > Kcrd — > V W — > Cokerd — > 
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vanishes, and it follows that Index d — dhnV — dimVK. Furthermore, if V and 
W are G- modules and the operator d is G-equivariant, then the analogous result 
Indexc d — V— W holds in the representation ring R(G). In the infinite dimensional 
case, this result does not necessarily hold, but for representations of loop groups, it 
does hold provided that the representations are of finite type and that the operator 
commutes with rotating the loops. 

Lemma 13. IfV and W are representations of LG of finite type, and T> : V — > W 
is an S 1 X LG-equivariant linear operator, then its LG-equivariant index is the 
virtual representation Index^c 2? = V — W. 

Proof. Since T> is S' 1 -equivariant, it respects the decompositions of V and W into 
their constant energy subspaces, and it can be written in the block diagonal form 
v = ®kez V ki with v k ■ V(fc) -> W(k). If both V and W are of finite type, then 
each of the subspaces V(k) and W(fc) is a finite dimensional G-module, and so the 
S 1 x G-equivariant index of T> is given by the i?(G)-valued formal power series 

Index 5 i xG V — z k (V(k) - W(k)) = ^z k V(k) - ^ z k W(k). 
fcez feez fcgz 

Since a representation of the full loop group LG is uniquely determined by its con- 
stant energy components, the LG-equivariant index must therefore be the difference 
of the domain and the range, hence Indexes T> = V — W. □ 

Returning to the notation of the previous section, let g be semi-simple, and let 
h be a reductive subalgebra of g with maximal rank. If we decompose the spin 
representation as 5l p = S^ p © S£ p , the Dirac operator j$£ /£f, interchanges the 
two half-spin representations and can thus be written as the sum of the operators 

where fi^g/Li) 1S ^ ne adjoint of ^g/^- When we introduced @l b /hj in (|35|), we 
showed that it is Lrj-equivariant, and all of our Dirac operators clearly commute 
with the generator dg of rotations of the loops. The operator i s therefore 

S 1 x Lii-equivariant, and since its domain and range are both of finite type, we 
may apply Lemma [ll| The LLT-equivariant index of $~l g / Lt) is thus the difference 

Ker ~ Ker r Lg/Li) =n x ® 5+ -H X ® si p , 

which is given by the homogeneous Weyl-Kac formula Jl3|). 

On the other hand, to compute the kernel of = $~Lg/Lt) ® ^Lg/Lt) we 

proceed as in the computation of the kernel of the finite dimensional operator $ g 
in In fact, the proofs of Lemmas || and [n] apply equally well in the Kac-Moody 
setting using the decomposition <S.Lg/t — $Lp ® ^Lf)/u an d we obtain 

Lemma 14. For each c£C, the irreducible representation U c ,\ of h\) with lowest 
weight cu\ — c(A — p g ) + p^ occurs exactly once in the decomposition ofTi.\®SLp- 

Lemma 15. If p, is a weight of Ti\<E> Slp satisfying — pj| 2 = 1 1 -X. — p fl || 2 , then 
there exists a unique affine Weyl element w € W g such that p — p^ — w(X — p ). 

Then, in light of our formula ( |36| ) for the square of the Dirac operator ^/, fl //,[,, 
we immediately obtain the loop group analogue of Theorem M. 
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Theorem 16. Let q be a semi-simple Lie algebra with a maximal rank reductive 
Lie subalgebra f). Let 7i\ and be the irreducible representations of Lq and Lt) 
with lowest weights A and p. The kernel of the operator ^£ g /£[, on TL\ ® S^p is 

where c • X = c(A — p ) + p^, and C C W fl is the subset of affine Weyl elements 
which map the fundamental Weyl alcove for q into the fundamental alcove for f) . 

Comparing this result to the homogeneous Weyl-Kac formula (fL3|), we obtain 

Taking the kernels of these Dirac operators therefore gives an explicit construc- 
tion for the multiplet of signed representations of LI) corresponding to any given 
irreducible positive energy representation of Lq. 
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